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ABSTRACT

This paper is concerned with the theory of chiral Cosserat elastic plates. In 1967
Eringen established a theory of isotropic achiral plates in the framework of Cosserat
elasticity. This theory is based on the assumption that the microrotation vector does not
vary across the thickness of the plate. De Cicco and lesan (2013) extended to chiral
Cosserat elastic plates without using this assumption. In contrast with the theory of
achiral plates, the stretching and flexure in the chiral plates, cannot be treated
independently of each other. In this paper we consider the problem of an infinite plate
with a circular hole. The plate is subject to uniform pressure at infinity. We solve the
problem in closed form.

1. INTRODUCTION

In recent years many researches have been devoted to the study of the mechanical
behaviour of chiral materials. These investigations are motivated by the recent interest
in the using the chiral elastic materials as a model for carbon nanotubes (Chandraseker,
K., Mukherjee, 2006), bones (Park, H.C., Lakes, R.S., 1986), honeycombs structures
(Prall, D., Lakes, R. S., 1997) as well as auxetic materials (Donescu, S., Chiroiu, V.,
Munteanu, L., 2009). The behaviour of these materials is strongly dependent by chirality
and cannot be described by means of the classical theory of continua. Lakes (2001)
presented some simple examples illustrating chirality in deformation of slabs and plates.
In this paper we investigate a two-dimensional problem in the theory of chiral Cosserat
solids. We study the deformation of a thin plate with a circular hole under constant
pressure at infinity. In contrast with the case of achiral plates the stretching and flexure
cannot be treated independently of each other (lesan D. 2010). The problem under
consideration is a typical application of the classical two-dimensional elasticity.
Subsequently, the problem has been extended to non classical solids (De Cicco S. 2003,
lesan D. 2009, De Cicco S. 2014, De Cicco S., De Angelis F. 2019). The solution is
significant in the analysis of structural fatique and is of crucial importance in the study of
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the behaviour of structural members with irregularities.

A theory of achiral Cosserat elastic plates was established by Eringen (1967). This theory
is based on the assumption that the microrotation vector does not vary across the
thickness of the plate. De Cicco and lesan (2013) extended the theory to the case of
chiral Cosserat elastic plates without using this assumption.

In Section 2 we present the basic equations of chiral Cosserat elastic solids. In Section
3 we summarize the field equations of the theory of thin plate. In Section 4 we study the
deformation of a circular plate with a circular hole under uniform pressure at infinity. The
main feature is that in the case of chiral plates, a uniform pressure acting on the boundary
of the plate at infinity produces a microrotation of the material particles.

2. PRELIMINARIES

Let u and ¢ be the displacement vector field and the microrotation vector field on
a body B, respectively, we summarize the basic equations of the equilibrium theory for
chiral Cosserat elastic solids

geometrical equations

eij = Uji + EjkPrr  Xij = Pji 1)
equilibrium equations
tij+fi =0, my;+ et + 9 =0 (2)

constitutive equations
tij = Aer6ij + (U4 K)ejj + Cixssij + Coxji + Caxij
my; = axr 05 + PXji + VXij + Cren 65 + Caejy + Caeyj. (3)

We have used the following notations: e;; and x,s are strain tensors, &, is the
alternating symbol, t;; is the stress tensor, m;; is the couple stress tensor, f; is the
body force, g; is the body couple, A, ux,a,pB,y,C;,C, and C; are constitutive
constants and §;; is the Kronecker’s delta.

As consequence of the positive definiteness of the elastic potential we deduce the
following inequalities (see [6])

A+2u+K>0, 2u+k>0 K>0
y+B8>0 y—-B>0, (4)
A+2u+r)a+B+y)—(C,+C+C3)2>0

We denote by t; the surface force and by m; the surface moment acting at a regular
point of dB. The boundary conditions are given by

ti = tjinj, m; = m;n;. (5)
The equilibrium problem of an elastic chiral Cosserat body consists in the solving of the
system of equations (1)-(3) with the boundary conditions (5).

3. CHIRAL COSSERAT PLATES

In the following we consider a right cylinder of isotropic material which occupies the
region B. We denote by X the open cross-section, I' the boundary of ¥ and I1 the
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lateral boundary. The axis Ox; of our coordinate system is chosen in such a way that
the plane x;0x, is the middle plane. The cylinder is assumed to be of length 2h.
In the theory of chiral Cosserat elastic plates formulated by De Cicco-lesan in [] the
stretching and the flexure of plates cannot be treated independently of each other. The
theory is based on the assumption that the displacement u and the microrotation ¢
assume the form

Ug = Wo (X1, X2) + X3Va (X1, X2), Uz = W3(Xg,X2)

Vo = Pa (X1, %2) + X3k (X1, X%2), @3 = P3(x1,%2) (6)
In (6) w, and 3 characterize the extension and v,, w; and i, the flexure of the
cylinder.
The equilibrium equations of chiral Cosserat elastic plates are given by
Tasa +F =0,
Hpap + €3pa(T3p + Tp3) + Gy =0, (7)

,Lla3,a + €3p‘3TpB + G3 = O,
where we have used the notations

1 (h 1 rh
=5 | s =g | mades
1 h
F = E([_hﬁd% + [ta:]™ >

1 h
G; = ﬁ(f_hgidxz + [ms]", )

The equations (7) are obtained by integrating the equilibrium equations (2) with respect
to x5 over the thickness of the plate.
To the equilibrium equations (7) we must adjoin the following equations

(8)

Ho-ﬁa,ﬁ - 2hT3C¥ + H(X == O,
Hrtgap + €3paH (035 — 0p3) — 2hjizq + Py = 0 (9)
where

h 2
f thijd.X'3 =§h3 O'l'j,
—h

h
f x3ml-jdx3 = §h3 T[ij P
—h

h
f X3fadxs + [X3t3q] = Hg,

-h
h 2 (10)
_[ X3gqdxs + [x3m3e] = F,, H = §h3
~h
The equations (9) are obtained taking the cross product of the equations (2) with the
vector x;e; where e3 is the unit outward normal to the plane x,0x,, and integrating
over the thickness of the plate.
The boundary conditions (5) are rewritten in the form
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Tplg = Ty KBk = Mo
OBaMp = O';, TgaMp = 71';;_, onl’ (11)
where Ty, ux, 0, and m, are prescribed functions.
In the case of two dimensional problem, we suppose that

ws =0, 3 =0. (12)
Moreover, we consider null body loads

F,=0, Gg=0, H,=0, P, =0. (13)
The equations (7) and (9) can be written in terms of the functions w,, ¥,, v, and y,.

We have

(.u + K)AWa + (.u + A)WB,Ba + C3Al/)a + (Cl + Cz)l/)[)’,ﬁa =0
KezqpWPpa + UVpp + CoXpp =0

C34wg + (C1 + C)wp go + VAY, + (a + BYp pa + KE3paVp —
—2Kkg + (C3 — C)espaxp =0

KE3gaWa,g + 2€3aﬁ’(c3 - Cz)d’ﬁ,a + Covgq + ﬁ)(p,p =0,

H[(.u + K)Ava + (/1 + .u)vﬁ,ﬁa + C3A)(a + (Cl + CZ)Xp,pa] -
—2h[KespaPp + (U+ K)Vy + Caxa] = 0

H[VA)(a + (@ + Bxppa + Cz4vg + (C; + Cz)vﬁ,ﬁa] -
—2H kxg — 2h[(C, — C3)espatbp + vxp + C3vp] =0, (14)

where A4 is the two-dimensional Laplacian.
Existence and uniqueness theorems of the solution of the system (14) has been
presented by De Cicco and lesan ().

A PLATE WITH A CIRCULAR HOLE

In this section we consider a circular infinite plate with a circular hole under uniform radial
pressure at infinity. The boundary of the hole is supposed to be a stress free.

Let r = (x? + x2)'/? and a be a positive constant. We assume that a is the radius of
the hole and the region X is defined by % = {(xy,x,,x3):x% + x% > a, x3 = 0}. Let p
be a given constant the boundary conditions are given by

7.=0, u, =0, 0,=0, m;, =0 onr=a
Tg=png, U =0, 0=0, mg=0 forr—->o (15)

We introduce the unknown functions U,¥,S and Q satisfying the following equality
Woe =Ug Yo =% Vo==E30p5p Xa=E3ap0p: (16)
Using the relations (16) the system (14) reduces to

A(QU + c®) = 0
cAu+GLA—-sHP +kS+(C3—C,)Q=0
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(A—-d?)[(u+K)S+C3Q0] +xkd?*¥Y =0

C3(4—d»S+y(A—pHQ +d?*(C3—C)¥ =0 (17)
where
s =[2x/(@+B+PIY2 d=2h/H)V? p=[d%+2K)/y]"/?
yy=A4+2u+k, G=a+B+y, c=C+C,+Cs (18)
Let V = V(r) be a function of class C®, satisfying the equations
AV =0 (19)
where D is the operator
D =y,(4-K{)(A-K;)(4~-K3) (20)
and
Yi=pe—-1 B = %' e = HC_EK- D)

In (20) the constants K, are the roots of the equation
ax3 —ax*+az;x+a, =0 (22)
where the coefficients a; are given by
a; =1, ay =v1(q* +d*) +vy,,

1
a3 = 719*d* +v2(q* + d°) + Bays + 54773,
= 2 1 — _ _ dZ _1 2.2
ay q 2,3291 Y2 B3 (B2 — B1ez) ZP q-e;.
Y2 = ,3191612 - PZ' Y3 = e; — frey,

dz(Cs - () {1(C5 = C3) Kd?
fp=——"—" B3=—F, =
Y dy pu+k
2K{y 23
q2=—d1, dy = 1§, — 2. (23)
The function V can be expressed as
where B; are arbitrary constants and the functions V; satisfy the equation
(- K}V, =0 (25)

[ no sum; i=1,2,3].
The displacement and the stress must be finite at infinity. Under this condition the solution
of equation (25) is given by

Vi = Ko(Kir), (26)
where K, isthe modified Bessel function of order n of the third kind. From (24) we have
V = ¥iiKo(Kir), (27)

From (17) and (27) the functions ¥,S and Q are explicitly determined
Y =¥31a1BiKo(Ki), S =Xi-1a2:B:iKo(Kir),
Q = ¥i_1a3BiKo(Kiy), (28)
where
a; = V1Ki2 (Kiz - dz)’ a; = (e; — 5231)Ki2 - (ezpz - ﬁze1d2);
asz; = (B2 — 3192)(1(1'2 - dz) (29)
The solution of (17)1 gives
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U=—-{¥Y+By+Bylnr (30)
where { =c¢/{;, and B, and B, are arbitrary constants.

By imposing the boundary conditions (15) we determine the constants By and the
problem is solved.
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